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This paper presents a relaxation function characterising viscoelastic materials whose storage modulus is constant with
frequency, and whose loss factor shows the representative peak of damping materials. This behaviour is typical of some
composite materials, where the elastic constituents give the constant modulus, and the polymeric components provide the
variable loss factor. The new model gives a way to provide comparative data for diﬀerent materials in a form which can
easily be incorporated into simulations. The physical meaning of the model parameters is deﬁned from the analysis of the
complex modulus in frequency domain. The presented relaxation function is validated by curve ﬁtting to experimental
measurements carried out on polymer concrete specimens, made of epoxy resin matrix with mineral aggregates.
 2006 Elsevier Ltd. All rights reserved.
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Viscoelastic materials are characterised by possessing inﬁnite memory, i.e., their actual mechanical response
is modulated by the past, implying that the behaviour of any linear viscoelastic material may be represented by
a hereditary approach based on the superposition principle of Boltzmann (1876), given by0020-7
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E-mrðtÞ ¼
Z t
1
Gðt  sÞdeðsÞ; ð1Þwhere r(t) and e(t) represent stress and strain evolution in time t, respectively, G(t) is the relaxation function
and s is the retardation time. If strain history e(t) could be represented by smooth continuous functions, Eq.
(1) may be transformed into a convolution integral,rðtÞ ¼
Z t
1
Gðt  sÞ oeðsÞ
os
ds: ð2Þ683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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relaxation function G(t) in the elastic term E0 and another viscous cg(t) as follows:Table
Expon
r(t)
g(t)
~gðxÞ, x
E*(x)rðtÞ ¼
Z t
1
ðE0 þ cgðt  sÞÞ oeðsÞos ds; ð3Þwhere E0 is the relaxed modulus, c is the viscous amplitude and g(t) is the damping function, commonly nor-
malized asZ 1
0
gðtÞdt ¼ 1: ð4ÞMaking use of the properties of convolution integrals, the stress–strain relationship in frequency domain
yields~rðxÞ ¼ EðxÞ~eðxÞ; ð5Þ
where ð~ÞðxÞ denotes the Fourier transform for (Æ)(t) and E*(x) is the complex modulus, given byEðxÞ ¼ E0 þ ixc~gðxÞ; ð6Þ
which may be divided in real and imaginary parts,EðxÞ ¼ E0ðxÞ þ iE00ðxÞ; ð7Þ
where E 0(x) and E00(x) are the storage and loss modulus, respectively, which are normally dependent on fre-
quency (see, e.g., Ward and Hadley (1993) for details), and the ratio between them is the loss factor g(x),gðxÞ ¼ E
00ðxÞ
E0ðxÞ : ð8ÞAdhikari (2000) and Park (2001) discuss diﬀerent approaches to the mathematical modelling of the behav-
iour of viscoelastic materials, which are characterised by the damping function g(t) in time domain or by its
Fourier transform ~gðxÞ in frequency domain. The damping function g(t) may be constructed by analysing
the material relaxation when it is loaded under a constant strain e0, implying the existence of an initial stress
r0, given by r0 = E0 e0 and then, the stress decreases asymptotically in time up to r1. Simple functions cha-
racterising the stress relaxation are given by the exponential and hyperbolic models (Crawford, 1998), pre-
sented in Table 1.
The t0 parameter of the models of Table 1 is known as relaxation time. The damping function g(t) may be
deduced by diﬀerentiation of stress relaxation r(t), such as should be seen in second and third rows of Table 1.
In the following rows, the Fourier transform for the relaxation function and the complex modulus are shown.
On the one hand, it should be noted that both, exponential and hyperbolic models, possess real and imag-
inary parts of complex modulus dependent on frequency. On the other hand, the storage modulus and loss
factor of the former, shown in Fig. 1, approximates the typical shape that viscoelastic materials present in rub-
bery, transition and vitreous zones: the storage modulus grows within two asymptotes and the loss factor
shows a peak (see, e.g., Ward and Hadley (1993) for details).1
ential and hyperbolic models in time and frequency domains
Exponential Hyperbolic
r0 + (r1  r0)(1  exp(t/t0)) ðr0  r1Þ t0t0 þ t þ r1
1
t0
expðt=t0Þ t0ðt0 þ tÞ2
P 0
1
1þ ixt0 pxt0exp(ixt0)
E0 þ ct0
ixt0
1þ ixt0 E0  ip
c
t0
ðxt0Þ2 expðixt0Þ
Fig. 1. Complex modulus for exponential model.
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modulus not identiﬁed in real materials, thus this model is only employed in time domain.
Some composite materials, such as the polymer concrete, present a behaviour that is primarily elastic,
whose Young modulus is constant in large frequency and temperature ranges, but show a variable damping
capacity (Corte´s and Castillo, in press). The behaviour of this kind of materials cannot be represented by the
previously mentioned, nor by more modern models such as the fractional derivative (Bagley and Torvik, 1983;
Pritz, 1996, 2003).
Consequently, in this paper a new relaxation function is presented, which models the behaviour of visco-
elastic materials whose storage modulus is constant with frequency, and the loss factor shows the character-
istic peak of damping materials. This relaxation function, appropriate for a particular frequency and
temperature range, gives a way to provide comparative data for diﬀerent materials in a form which can easily
be incorporated into simulations. Next, the new model is presented and the physical meaning of the param-
eters is analysed. Finally the model is validated by means of curve ﬁtting to experimental measurements on
polymer concrete specimens.
2. Analysis of the proposed model
The new model proposed in this paper suggest that, when the material is subjected to a constant strain e0,
the stress r(t) follows the lawrðtÞ ¼ r0 þ ðr1  r0Þ 2p arctan
t
t0
 
: ð9ÞThis function is represented in Fig. 2 as well as the exponential and hyperbolic models. Obviously, the three
curves show the same relaxation time t0 and initial r0 and asymptotic r1 stresses.Fig. 2. Stress relaxation under constant strain.
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ﬁrst that reaches the asymptotic zone. At the beginning, the stress rate for the new model is the lowest, but it
grows quickly and exceeds that of the hyperbolic beyond t = t0 on.
The damping function corresponding to Eq. (9) is deduced by diﬀerentiation and normalisation by means
of Eq. (4),gðtÞ ¼ 2
p
t0
t20 þ t2
; ð10Þwhose Fourier transform to xP 0 gives~gðxÞ ¼ 2 expðxt0Þ: ð11Þ
The complex modulus for the proposed model is obtained making use of Eq. (6), which yieldsEðxÞ ¼ E0 þ i2 ct0 xt0 expðxt0Þ; ð12Þwherefrom the real part, which represents the storage modulus, is constant with frequency,E0ðxÞ ¼ E0; ð13Þ
and the loss factor, which is represented in Fig. 3, depends on frequency as follows:gðxÞ ¼ 2
E0
c
t0
xt0 expðxt0Þ: ð14ÞFrom the analysis of this curve it can be pointed out that the frequency x0 at which the loss factor reaches the
maximum value g0 is related to the relaxation time t0 as follows,x0 ¼ 1t0 ; ð15Þthus, Eq. (14) may also be written asgðxÞ ¼ g0
x
x0
exp 1 x
x0
 
: ð16ÞThen, the new model may be deﬁned either by the parameters E0, c and t0, or by E0, g0 and x0. The inﬂexion
point is given at the frequency 2x0, and the corresponding value for the loss factor is 2g0e
1, where e is the
base of natural logarithms.Fig. 3. Loss factor evolution for the new model.
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In this section the proposed model is validated by means of curve ﬁtting to experimental measurements
obtained by Corte´s and Castillo (in press) for the complex modulus of polymer concrete specimens in a fre-
quency range up to 160 Hz. The mineral aggregates of the manufactured polymer concrete (Castillo, 2004),
around 90% of the total material mass, give the elastic behaviour to the composite material, and the epoxy
resin, the remaining 10%, provides the variable damping capacity. Table 2 shows the storage modulus and
the loss factor measured at the previously mentioned frequencies.
The curve ﬁtting procedure was carried out by the Nelder and Mead (1965) minimisation method, which is
implemented in the fminsearch function of Matlab (The MathWorks Inc., 2005). The minimised function isTable
Storag
f (Hz)
24.9
40.4
85.5
137
Table
Param
E0 (10
38.2Xsmax
s
js EðxsÞ  Es
 ; ð17Þwhere s is the index of summation, smax is the total number of experimental data, j Æ j represents the absolute
value, js is a weighting factor, E*(xs) is the value of the ﬁtting curve at the frequency xs, given by Eq. (12), and
Es is the sth measured complex modulus at the same frequency xs (see Table 2). The weighting factor js was
taken as a function of the square of loss factor,js ¼ g2s ; ð18Þ
so that the most damped data gets a bigger weight. The results of the ﬁtting process are shown in Table 3.
The quality of the ﬁtting procedure can be seen in Fig. 4, in which a comparison between the experimental
data and the theoretical curve is made. It can be pointed out that the theoretical model ﬁts the experimental
data with errors lesser than 10% except for the lowest frequency.2
e modulus E and loss factor g for polymer concrete specimens
E (109 Pa) g
36.9 0.0106
38.2 0.0221
38.0 0.0153
38.0 0.0079
3
eters for the ﬁtted model
9 Pa) x0 (rad/s–Hz) g0 t0 (10
3 s) c (106 Pa s)
259–41.3 0.0221 3.85 4.42
Fig. 4. Comparison between experimental data and ﬁtted model: (a) storage modulus and (b) loss factor.
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In this paper, a relaxation function has been presented, which reproduces the behaviour of some composite
materials characterised by a constant storage modulus and by a loss factor showing the characteristic peak of
damping materials. From this relaxation function, appropriate for a particular frequency and temperature
range, the complex modulus has been deduced and analysed in frequency domain, wherefrom the physical
meaning of the model parameters has been deﬁned. The new model, that has been validated by means of curve
ﬁtting to experimental measurements for polymer concrete, gives a way to provide comparative data for dif-
ferent materials in a form which can easily be incorporated into simulations.
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